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1. (a) State Mean Value Theorem.

(b) Let f: R — R be a function differentiable on R. prove that if f’ is bounded on R,
then f is uniformly continuous.

(c) Let f: (a,b) — R be a differentiable function such that f’ is bounded on (a,b). Show
that f is bounded function.

(d) If f is uniform continuous on [a, b] and differentiable on (a,b) , is f’ bounded on (a, b)
? Prove or disprove it.

2. (a) Let f : [a,b] — R be a function continuous on [a,b] and differentiable on (a,b). If
/> 0on (a,b), show that f is strictly increasing on [a, b].

2
(b) Prove that tanz > z > sinz > —a for all = € (0, g)
™

(c¢) Let f:[a,b] — R be a function continuous on [a, b] and differentiable on (a,b). Show
that if lim,_,, f'(z) = A , then f/(a) exists and equals to A.

3. Let f: R — Rbe a twice differentiable function. Suppose
f(x) <0 and f’(x)>0 ,VreR.

Prove that f is constant function.

4. Let f:[0,00) = R be a differentaible function on (0, +00) and assume lim f'(x) = b.

flz+h) - f(x)
h

(a) Show that for any h > 0, we have lim =b.

T—00

(b) Show that if f(z) — a as x — oo , then b = 0.

(¢) Show that lim f@) =b.

T—00 I

5. (a) State the Taylor’s theorem.
3 5

(b) Prove that sinx < 2 — % + 1:132—() for all z € (0, 7).

6. Let f: R — R be an infinitely many times differentiable function satisfying
(i) f(x) > f(0) for all x # 0 , and
(i) there exists M > 0 such that |f()(z)] < M for all z € R,n € N.
(a) Show that there exists n € N such that f((0) # 0.
(b) Prove that there exists an even number 2k such that f*)(0) > 0.

(¢) Prove that there exists 6 > 0 such that f/(y) < 0 < f'(x) for all z,y with —§ <y <
0<x<d.
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. Evaluate the Limits:

(a) limg_+ 27
T
X

(b) hIn:p%O‘F

. Let I C R be an open interval, let f : I — R be differentiable on I, and suppose f”(a)
exists at a € I. Show that

F1(0) — tan L0 0 =20 (@) + f(a =)

h—0 h?

Give an example where this limit exists, but the function is not twice differentiable at a.

. Suppose the function f : (—1,1) — R has n derivatives, and f™ : (=1,1) — R is
bounded. Prove that there exists M > 0 such that |f(x)| < M|z|",Vz € (—1,1) if and
only if £(0) = f/(0) = ... = f®=1(0) = 0.

(a) State the Taylor’s theorem.
3 5

(b) Prove that sinz < z — % + 1‘%2—0 for all z € (0, 7).

. Let f: R — R be an infinitely many times differentiable function satisfying
(i) f(x) > f(0) for all x # 0 , and
(ii) there exists M > 0 such that |f()(z)] < M for all x € R,n € N.

(a) Show that there exists n € N such that f((0) # 0.

(b) Prove that there exists an even number 2k such that f(2*)(0) > 0.

(¢) Prove that there exists ¢ > 0 such that f/(y) < 0 < f'(x) for all z,y with —§ <y <
0<x<d.
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1. (a) Dene Riemann integrability of a function.
(b) Let f: [a,b] — R be a Riemann integrable. Prove that f is bounded.

(c) Let f:[a,b] = R be a bounded function. Show that f is Riemann integrable if and
only if there exists exactly one value A such that

L(f,P) < A<U(f,P) for every partition P of the interval [a, b].

(d) Let f: [a,b] — R be a bounded function.
Show that f is Riemann integrable if and only if for all € > 0, there exists a partition
P of [a,b] such that
U(f,P)— L(f,P)<e.

2. Show that any continuous function f : [a,b] — R is integrable.

3. Are the following functions integrable ?

(a) Let f:]0,1] = R,

—x otherwise.

f(:v):{x ifre@Q
(b) Let f:[0,1] — R.

n

1 if z =1, for somen e N
-]

g(z) otherwise.

where ¢ : [0,1] — R is a continuous function.

4. Suppose that a integrable function f : [a,b] — R has the property that f(z) > 0, Vz €
a
[a,b]. Prove that / f>0.
b

5. If f:[a,b] — R is a integrable function and f(x) = C, Yz € QN [0,1]. Find / f.
b
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1. (a) Show that if f € R[a,b], then for any sequence of tagged partition P, of [a,b],
|| P,|| — 0 implies S(f, B,) — [ f as n — oo.

(b) Find the following limits.

ii. lim

1
n2 TL2 n2 n2 n
n—00

n2+1 n2+22 n2+32 n24n2

2. Let f :[a,b] — R be Riemann integrable and g : R — R be continuous. Show that go f is
Riemann integrable on [a, b].

3. Let f : [a,b] = R be a bounded function at which f € R[e,b] for any ¢ > a. Prove that
b b
f € Rla,?] and/ f= lim / f.
a c—at J.

4. (a) Let g € Rla,b] and f : [a,b] — R be a continuous function. Suppose g > 0 on [a, b].
b b
Show that there exists ¢ € [a, b] such that / fg= f(c)/ g.

(b) Let f:[0,400) — R be a continuous function with lim,_,~ f(x) = L € R. Suppose
{an}, {bn} are two sequence in RT such that a,, — 0,b, — 0o as n — oo. Show that
forall 0 < r < s,

o [t ) = f(so)

n—oo [, T

= (f(0) ~ L) log -~

5. Let f: [a,b] — R be a continuous function at which f(z) > 0. Show that

nlgngo(/ab f*)

3=

= sup{f(z) : = € [a,b]}.
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Theorem 1 (The second fundamental theorem of Calculus). Suppose that the function f :
T

[a,b] — R is continuous. Then F(x) = / f satisfy
F/(:E) = f(:E) NEAS (a7 b)
Problems :

1. (a) Prove the Second Fundamental Theorem of Calculus.
(b) State and prove the Integration by Parts formula.
(c) Let f:[0,400) — R be a continuous function. Define

F(z) = / " f(a? + y)dy.

Find F'(z).

2. Let f: [a,b] — R be a continuous function at which f(z) > 0. Show that

Jim ( /a b /")

3=

=sup{f(z) : z € [a,b]}.

3. Suppose that the function f : [a,b] — R is continuous and it is twice differentiable on
(a,b). Prove that there is a point 7 € (a,b) at which

b —a —a 3
[ st@de =" @+ g0 - P,

4. (a) Suppose f : [0,4+00) — R is continuous and strictly increasing, and that f : (0, +o00] —
R is differentiable and f(0) = 0. Prove that for all a > 0,

/Oaf + /Of(a) 7t =af(a).

(b) If f satisfies the assumption above, prove that for all a > 0 and b > 0,

/Oaf+/0bflzab

(¢) If a and b are two non-negative real number, p and ¢ are positive real number such

1 1
that — + — = 1, show that
b q
af? b
ab < — + —.
p q
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. Let f, g be continuous function defined on [a, b]. Suppose that f(z) > g(x) for all x € [a, b]

and g(z) # f(z). Show that
b b
[rof:
(a) Define the improper integral / f.
(b) Let p € R, show that / 2P dx exists if and only if p < —1.
1

o0

(a) Let f:]a,00) — R be a function such that f € Rla,b] for all b > a. Show that / f

a

y
exists if and only if ¥V € > 0, there exists K > a such that for all z,y > K, / f<e

(b) Let f,g : [a,00) — R be two function such that f,g € Rla,b] for all b > a and
0< f <gon [a,00).. Show that / f exists 1f/ g exists.

a

exists .

0o
(a) Show that/ e
1 x

00 [ s
(b) Show that / [sinz| does not exists .
1 T

(a) Let a < b. Suppose f : (a,b] — R satisfies f € R[e,b] for all ¢ € (a,b]. Define the
improper integral / b f

(b) Let f:(0,1] = R b(; a continuous function. Suppose there exists C' > 0 and p > —1
such that |f(z)| < CzP for all x € (0,1]. Show that /01 f exists.
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1. (a) Define pointwise and uniform convergence of a sequence of functions.

(b) Let A C R and f,, f: A — R. Show that f,, does not converge uniformly to f on A
if and only if there exists ¢g > 0, a subsequence { fy, } and a sequence {z} in A such
that |fn, (xr) — f(xr)| > € for all k € N.

2
(c) Show that the convergence of f,(x) =z + ¥ is not uniform on R.
n

(d) Show that the convergence of f,(x) =z + is not uniform on [0, co).

nx
1+ nz?

2. (a) Let fn,f: A— R. Show that {f,} converge uniformly to f on A if and only if

sup{|fn(x) — f(x)| : x € A} - 0asn — 0.

(b) If each f, is continuous on A, show that f is also continuous on A.

(c) Show that fn(x) =

T
——— converge uniformly on R.
1+ nz? & Y

3. Let fn,f : A — R. Suppose each f, is uniformly continuous on A and {f,} converge
uniformly to f on A.

(a) Show that f is uniformly continuous on A.

(b) Prove that for all € > 0, there exists § > 0 such that for all z,y € A, if |[x — y| < 9,
then |fn(x) — fu(y)| < e for alln € N

4. Let fn, f : [a,b] — R such that {f,} converge to f pointwisely on [a,b]. Suppose each f,
is differentiable, f is continuous and there exist M > 0 such that |f}| < M on [a, ] for all
n, prove that {f,} converge to f uniformly. (Pastpaper 2004-2005)
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1. (a) Prove that if {f,} be a sequence of Riemann integrable function on [a,b] and f,
b b
converge uniformly to f on [a,b], then f € R[a,b] and / f= 1im/ fn-

(b) Let {f,} be a sequence of functions that converges uniformly to f on A and that
satisfies |fn(z)] < M for all n € N and all x € A. If g is continuous on [—M, M],
show that {g o f,} converges uniformly to go f on A.

2. Given an example of sequence of Riemann integrable functions {f,} on [0, 1] converging
pointwisely to f on [0, 1] such that

1 1
(a) f € R[0,1] but lim / fu 4 / 7.
(b) f is bounded but f is not Riemann integrable on [0, 1].

3. Give an example of sequence of functions (fn) on [0, 1] satisfying

(a) for all n, f, is discontinuous at any point of [0, 1], but f, converge uniformly to a
continuous function f on [0, 1].

(b) {fn} converge pointwisely to f on [0, 1] but the convergence is not uniform on any
subinterval of [0, 1].

4. (a) State the Bounded Convergence Theorem.

(b) Let f : [a,b] — R be a continuous function. Give a sequence of continuous function
{gn} on [a,b] such that |g,| < 1 on [a,b] and {fg,} converge pointwisely to |f| on
[a, 0].

(c) Let f : [a,b] — R be a continuous function. Suppose f; fg < 1 for all continuous
function g on [a, b], prove that f; If] < 1.

5. Let f, € C([a,b]),n € N. Show that if f/ converge uniformly to some function ¢ on
[a,b] and there exists a point z¢ € [a,b] for which {f,(zo)} converges, then the sequence
of functions {f,} converges uniformly on [a,b] to some function f € C!([a,b]) and f/,
converges uniformly to f/ = ¢.
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Suppose > > | x,, converge, show that z, — 0 and > 72z — 0 as n goes to oco.
State the Cauchy Criterion for convergence of series.

Prove the Comparsion Test. i.e. If {ar} and {by} are two sequences of numbers

such that 0 < ap < b for all kK € N. Then the convergence of an implies the

n=1

o0
convergence of E Q-

n=1

oo (0.9]
1
Show that E — diverge and E ne™"’ converge.
n

n=1 n=1
ad n
Show that for any € > 0, the series —————— converge.
Y ’ ; n?te —n+1 &

Suppose z, > 0. Show that > °, x, converge if and only if its partial sum is
bounded.

Suppose x, > 0 and > ; x, converge. Show that the following series converge:
o0 [e.e] \/ﬂ o0
@Zﬁﬁ(mz7r(m§;@ﬁz.
n=1 n=1 n=1
Suppose > 72 ar and > ;2 by are series of positive numbers such that

lim 25— 1>o0.

Prove that the series Y p-, aj converges if and only if > 72, by converges.

State the Ratio Test for the convergence of series.

Test the convergence of the series Y - | x,, with general term:

n

(i) o = (527)" (i) zp =35 (iil) 2, = 27

State the Integral Test for convergence of series.

For a > 0, consider the series

ad 1
> (k + D[In(k + 1)}’

k=1

Find the values of « at which the series converge.
o0

x
Give an exmaple of x,, > 0 such that lim,, ., z,, = 0 but Z n
n=2

diverge.
nlogn
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. Show that the convergence of ) \/anan4+1 does not imply the convergence of )" ay ,
even if a,, > 0, Vn € N.

. If {a,} is a decreasing sequence of strictly positive numbers and if ) a, is convergent,
show that lim,,_, na, = 0.

. If a, # 0 for all n € N and
Ap+1

lim sup | |=L.
n

n

(a) Prove that if L < 1, then the series ) a, converges absolutely.

(b) If lim inf | fnt1 | > 1, show that the series diverges.
n an

I

lim sup |a,|"/™ = L.
n

(a) Prove that if L < 1, then the series ) a, converges absolutely.
(b) Prove that if L > 1, then the series ) a,, diverge.

(c) If an > 0, show that
an+1‘

limsup a/™ < limsup|
n

n n

. Determine the convergence of following series.
. —1)"1
(a) Sptisind (D) 0L (L—cosd) (o) e, SHe

1+log? 1
(d) Xot sy () Xoly e () 201 7viogn

. Let A be the set of positive integers which do not contain the digit 9 in the decimal
expansion. Prove that
1
Z — exists.
a

a€A

. Find the value of ¢ € R such that the series

exists.
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1. (a) Show that f(z)=>"7, COSQ‘?,,"Q” is a continuous function on R.

(b) Prove that f(z) = > 7, enL,x is a continuous function on R but the convergence is
non-uniform.

(c) Show that f(z) = > ., % is a differentiable function on (1, c0).

n 1

o

Let {an} be a sequence such that Y7 | n|a,| converge. Show that f(z) = 7 a,sinnz
converge on R and f'(z) = Y_.° | na, cosnx.

3. Show that the convergence of > ¢ | S22 jg not uniform on [0, 1.

4. (a) State the Cauchy-Hadmand Theorem for power series.

(b) Suppose a power series Y anz™ converge at some zp € R. Show that it converge
absolutely for all |z| < |zg].

(c) Suppose a power series converge absolutely at some ¢ € R, show that it converge
uniformly on the interval [—c¢, ¢].

5. Find the radius of convergence R of the following series:

OXHa" @) Talt )T gt ) T

6. (a) Prove that for all x € (—1,1),

1. H% = Zzozo(_x)nv
()L,

ii. log(1+x) =3 ", ——2a" and
i, tan~lz = 3% g;gl 22,

(b) Find the value of Y~ | 5=

7. Let fp : [a,b] — R such that ) f,, converge uniformly on (a,b). Suppose lim,_,,+ fn(z) =
¢n € R. Show that > ¢, converge and

lim Z fn(z ch.

r—a™t

past paper question:
Suppose the series ) a,2™ has radius of convergence one. Let f(z) =) ana™, x € (—1,1). If
[a,b] € (0,1) and fn(z) = f(z — 1),z € [a,b], show that f, — f uniformly on [a,d)].



